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Abstract 

We derive noncommutative multi-particle quantum mechanics from noncom- 
mutative quantum field theory in the nonrelativistic limit. Paricles of opposite 
charges are found to have opposite noncommutativity. As a result, there is no 
noncommutative correction to the hydrogen atom spectrum at the tree level. We 
also comment on the obstacles to take noncommutative phenomenology seriously, 
and propose a way to construct noncommutative SU (5) grand unified theory. 



1 Introduction 



Recently there has been a growing interest in noncommutative geometry as well as its 
phenomenological implications. This was motivated by the discovery in string theory 
that the low energy effective theory of D-brane in the background of NS-NS B field lives 
on noncommutative space [0-||. In the brane world scenerio 0, our spacetime may be 
the worldvolume of a D-brane, and thus may be noncommutative. In fact, apart from 
string theory, it has long been suggested that the spacetime may be noncommutative 
as a quantum effect of gravity, and it may provide a natural way to regularize quantum 
field theories g |. 

In many proposals to test the hypothetical spacetime noncommutativity, one does 
not need the exact quantum field theory, but only its quantum mechanical approxi- 
mation. Although noncommutative quantum mechanics (NCQM) has been extensively 
studied PH|-[I^|, we want to clarify a point that has not been emphasized before, or 
was even mistunderstood in some of these papers. The main point is that the non- 
commutativity 6 ab is not the same for all particles in NCQM. The noncommutativity 
of a particle should be opposite to (differ by a sign from) that of its anti-particle; and 
the noncommutativity of a charged particle should be opposite to any other particle of 
opposite charge. Our basic assumption is that NCQM should be viewed as an approx- 
imation of a noncommutative field theory (NCFT) in which all fields live on the same 



noncommutative space. The same viewpoint was taken in [14 



We will always assume that the time coordinate t is commutative. Otherwise the 



formulation of quantum mechanics may require drastic modification [JT5[|. 

In Sec. ^| we illustrate some ambiguities in defining NCQM. To resolve these ambi- 
guities we derive NCQM from NCFT in Sec. |||. We find that the noncommutativity of 
particle coordinates depends on the charge. This implies that there is no correction to 
the spectrum of the hydrogen atom due to noncommutativity at the tree level (Sec. |]). 
We generalize these results in Sec. [5[ In the last section, we comment on the obstacles 
to a complete, consistent description of noncommutative phenomenology. Since there 
exist particles with electric charges other than e = 0, ±1, electromagnetic interaction 
can not be consistently described as a noncommutative U(l) gauge theory. Hence 
we propose a way to construct noncommutative SU (5) grand unified theory, where all 
charges are already properly quantized, as a better theoretical basis for noncommutative 
phenomenology. In particular, in order to describe the 10 dimensional antisymmetric 
representation of SU(5) in the grand unified theory, we show how to introduce matter 
fields in arbitrary representations of the gauge group using Seiberg-Witten map. 
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2 Two-Particle System 



Naively, to define a physical system on noncommutative space, we simply take the 
Lagrangian for ordinary space and replace all products by star products. For example, 
one tends to claim that the noncommutative Schrodinger equation for a Hydrogen atom 
is [0, Q 



where 



c 2 



y = -h (2) 

\x\ 



is the electric potential of the proton, and the * product is defined by 

f(x) * g(x) = e ieab ^^f(x)g(x% /=x . (3) 



Here x should be interpreted as the relative coordinate between the electron and 
the proton 

x a = x a e -x a pl a = 1,2, 3. (4) 

This means that the commutation relation for x should be derived from those for x e 
and x p . Suppose 



[x a e ,x b e ) = ie?, [*;,*$] = z<\ [*:,*$] = 0, (5) 



then 



x a ,x b ]=i(9f + 9^). (6) 



We will show below that we should take 9 e = —9 P and thus x is actually commutative! 

If we assume that the proton has infinite mass and is localized at the origin as a 
delta function, we can interpret x as the coordinate of the electron. Then it would 
make sense to say that x is a coordinate on the noncommutative space. However, as it 



was pointed out in |16fl , the use of delta function on noncommutative space invalidates 

the perturbative expansion in 9. It is also unnatural to assume an extreme localization 

of proton on a noncommutative space. 

To clarify this problem, we note that a complete description of the Hydrogen atom 

should be given by the total wave function ^(x e , x p ). On classical space, the Schrodinger 

1 There is an ambiguity in the ordering of the last term. It could as well be ip * V. However, 
replacing V*ip by ij)*V is equivalent to replacing 9 by —9. Without specifying 9, we can choose either 
case without loss of generality. 
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equation is 

d ( V 2 V 2 \ 



e 2 



where 

\X e Xp i 

When we try to modify this equation to the noncommutative case, we have to face 
the following ambiguities. First, we need to find V on noncommutative space, and 
specify the ordering of V and \I/ in the Schrodinger equation. Although this was not 
a problem for the wave function of a single particle, it is a problem for multi-particle 
states. The reason is that there is a new possibility for which the coordinate x e in V is 
multiplied from the left, and x p in V from the right, to the wave function This can 
be written as 

(9) 

by defining * tlt2 as 

i_Qab I € d d d d \ 

r / \ / \ 2 \ 1 dx' b ^ x p dx' b if/ \ / I I \ I / -i r\\ 

f{x e ,x p )* eie2 g{x e ,x p ) = e V <= » / f(x e , x p )g{x e , x p )\ x=x >. (10) 

The star product ( [[0]) assumes that x e commutes with x p , although it is mathemat- 
ically consistent to assume that x e does not commute with x p . 

To fix these ambiguities, the basic assumption in our discussion below is that NCQM 
is a nonrelativistic approximation of NCFT in which all fields live on the same non- 
commutative space. Without this assumption, the proton and electron coordinates may 
have arbitrary independent noncommutativity. 



3 NCQM from NCFT 

Consider the NCFT of some charged particles and a U(l) gauge field. The action is of 
the form 

s = J2s a + s A . (ii) 

a 

S a is the action for a charged particle. For instance, for a fermion in the fundamental 
representation of the gauge group, it is 

S a = J d^xipa * (ip + m a ) * tpa, (12) 

where m a is the mass of the particle a and 

D ft = d lt + A ll . (13) 
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The action for the U(l) gauge field is 

S A = J d 4 xF^ * F^, (14) 

where 

F lu , = [D ft ,D v ] m . (15) 

On a noncommutative space, even the U(l) gauge group is non-Abelian. Therefore 
all fields must have the same charge: particles have charge +1 and anti-particles have 
charge —1. 

In order to derive NCQM from NCFT, we repeat what we do for the commutative 
case. First, we collect those terms in the action involving 

J d*x(J» * Afj) + S A , (16) 
where J = Y. a ja, and the current density for the fermion in ( |T2"D is 

# = ^«*(tV) T *A (17) 

Now we can integrate out and find the effective interaction between the charged 
particles. In the weak coupling limit or weak field limit where we can ignore the self- 
interaction of Ap, one finds the effective interaction 

Sj = J d*xd 4 x'J>*(x) * G„ u (x, x') *' J u {x') = J dtHi, (18) 

where G is the photon propagator in a certain gauge, and *' means ^-product with 
respect to x' . 

In fact, we can ignore the *'s between J and A^ in (0) because 

Jd A xf(x)*g(x)= Jd A f(x)g(x). (19) 

We can also drop the *'s in (|18D , and G is simply the usual propagator on commutative 
space. 

Decomposing each field into positive and negative frequency modes 

^ = J d 3 k(b ks (t)u ks e ik ^ + dl(t)v ks e- ikixi ), (20) 

where b is the annihilation operator for the particle, cP is the creation operator for its 
anti-particle, and the particle index a is suppressed. We will ignore the spinor index s 
as it will not play a role in our problem. In the operator formulation, one can define 
the field operators 

= J d 3 kb k (t)e ik * x ' (21) 
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for the particle a, and 

^_ = f d 3 kd k {t)e ik ^ (22) 



for its anti-particle a. The quantum mechanical wave function for a two-particle state 
10 in the NCFT is 

*(a £1 )(fe)(ll,l2) = (OfeiOcO^/feaO^IO- ( 23 ) 

Here xi, X2 are viewed as commutative coordinates in the star product representation. 
Thus the coordinates for different particles in the wavefunction always commute with 
one another by definition. Similarly, one can define the wave function for a state of an 
arbitrary number of particles and anti-particles. 

The Schrodinger equation is a result of the fact that ip a satisfies its equation of 
motion, which can be written as 

itj>(x) = [H,iJ)(x)] (24) 
in terms of the Hamiltonian H. For the effective action, H is 

H = H - Hj, (25) 
where H is the kinetic term and Hj is given by fllSp. Thus, for example, 



i^AB = (OmMsMh (26) 

where A = (aex) and B = (062) ■ 

Straightforward derivation shows that, in the non-relativistic approximation where 
the interaction is dominated by the Coulomb potential, the Schrodinger equation is 
given by 

d ( V 2 V 2 \ 

i-^ABixu x 2) = I _ _ 2m^ + V ( Xu * £1£2 ^ab(xi,x 2 ), (27) 

where * eit2 is defined in (|10D , and V given by (||). 

While the above prescription applies to generic interactions, for our special case of a 



gauge field, the result above (|27|) can be easily obtained by demanding gauge symmetry. 



For a field in the fundamental representation, 



ij + ^U*t[j + , (28) 
^_ -> ^_ * W (29) 
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under a gauge transformation. This implies that the covariant derivative must act on 
the wave function \1/ from the left for particles and from the right for anti-particles. 
Since the electric potential V is just the time component of the gauge potential A^, we 
immediately reach the same conclusion as in (f27|). 

Since all fields must have the same charge in a noncommutative gauge theory, it is 
equivalent to say that the coordinate of each particle of positive (negative) charge in 
V is multiplied to the wave function by the star product with parameter 9 (—9). 

In the context of string theory, for an open string ending on a D-brane, the two end- 
points appear as opposite charges to the D-brane gauge field. In a B field background, 
the two endpoints also observe opposite noncommutativity [0]. It was first argued in 
that the NCFT on a single noncommutative space automatically takes care of this 
effect. In this section we provided a rigorous derivation. 

It is interesting to note that although it is a matter of pure convention whether 
one uses tp to represent, say, the electron or positron, once we have made the choice, 
there is no more freedom in making this choice for any other fields living on the same 
noncommutative space. Here we also see that the charge conjugation results in a change 



of noncommutativity 9 — » —9 |L7|. 



4 Separation of Variables 



To solve the Schrodinger equation for multi-particle wave functions, we use the tech- 
nique of separation of variables. For the Hydrongen atom, the Schrodinger equation 
is 

d ( V 2 V 2 \ 

i— ty(x e ,x p ) = l-^-2^t + V ( x e> x p)) *-+y(x e ,x p ), (30) 

where we choose the convention that the noncommutativity parameter 9 (—9) is asso- 
ciated with positive (negative) charges. 

Since the kinetic term is not modified, we take the ansatz 

^(x e ,x p ) = $(X)^(x), (31) 

where 

m e x e "I" TflpXp (32) 

m e + m p 

is the center of mass (COM) coordinate, and 
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is the relative coordinate. The noncommutativity for these coordinates is given by 



X\X 3 



x\X 3 



*-+ 



*-+ 



*-+ 



m p + m e pp 



The kinetic term can be rewritten as 



2m e 2m p 2M 2m' 



where 

is the total mass and 

is the reduced mass. 

For the Fourier mode of X, 



M = m e + m t 



m 



m e m p 
m e + m E 



(34) 

(35) 
(36) 

(37) 

(38) 
(39) 



Of) is reduced to 



E- 



2M 



tf(JJf) = e - iEt+iKiXi lp{x), 



(40) 



(41) 



Note that translational invariance implies that V can only depend on the relative 
coordinate x. Let if)(x) = ijj'{x — \Q ep K). Since pi|) contains no star product, it 
is exactly the same equation for classical space in terms of ip'. Unless we include 
self-interactions of the gauge field, the whole spectrum is exactly the same as the 
commutative case! The shift in the relative coordinate is easy to understand from the 
D-brane picture, where space non-commutitivity is resulted from background B field. 
Therefore, for example, the noncommutative correction to Lamb shift should be 



much smaller than the one given in |T(J. There is no correction at tree level. The 
lowest order contribution of 9 comes from the one-loop diagrams and is negligible. 



5 Generalization 



In |Tj| it was shown that a matter field in the fundamental representation is not allowed 



to couple to more than two different gauge fields on noncommutative space. So far we 
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have only considered the case of one gauge field. It is straightforward to include another 
gauge field. 

Suppose that there are m particles. Let the charges of particle a (a = 1, • • • , to) 
be q a , where q a = 1,0, —1. If q a = 1, it means that the field operator for particle a, 
which was denoted as ip + before, transforms from the left 

Q ^[/*0 a . (42) 

It transforms from the right 

0a - 0a * U (43) 

if = —1. The covariant derivative of a field operator is 

D^a = <9 M Q + q a A ii * qa Q , (44) 

where *± is the star products with the parameter ±9. 

If we repeat the derivation in the previous sections, the Schrodinger equation for N 
particles is 

d N V 2 1 

ij-^ix!, ...,x N ) = -J2 TT^y + o E Q a qpV(x a , x p ) * qaq , *, (45) 

a=l Zm i Z 

where V is the (00) component of the Green's function for the gauge field A^. 
The COM coordinates of the system satisfies 

X^ N n a m 2 

[X»,X% =i ^ a=iq \ » r. (46) 

It is easy to see that the magnitude of the noncommutativity is never larger than \0\. 

A composite particle is a system of iV particles which has a bound state with a small 
spatial extension. The COM coordinates of the system will be taken as the coordinates 
of the composite particle. If the size of the composite particle is larger than \^6, it is 
meaningless to talk about its noncommutativity. In the case of a Hydrogen atom, the 
relative coordinates x is commutative, thus its size can be arbitrarily small. On the 
other hand, if some relative coordinates for the constituents of the composite particle 
are noncommutative, which is always the case as long as there are three or more charged 
constituent particles, the size of the composite particle must be larger than the order 
of \^9, and hence the noncommtativity of the composite particle can be neglected for 
most purposes. 
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6 Discussion 



On noncommutative (NC) space, charges are always quantized, even for U(l) gauge 
field. However, in the standard model, there are particles of electric charges 1/3,2/3 
etc. It implies that the electromagnetic interaction can not be a NC U(l) gauge theory. 
Similarly, the U(l) gauge group for hypercharges can not be noncommutative, either 
[0| . In the SU(5) Grand Unified Theory (GUT), on the other hand, all charges are 
already quantized. There are fractional hypercharges only because the U(l) group 
is embedded in SU(5) with a generator T = diag(l/3, 1/3, 1/3, — 1/2. — 1/2). But 
there are other problems for NCGUT. The first problem is to define NC SU(5) gauge 
symmetry. In general, it is straightfoward to construct NC U(N) gauge theory, but 



difficult to have any other gauge group [20, 21, IS 



A possible resolution of this problem |22[ is to define NC SU(N) gauge symmetry 



as the image of the classical SU (N) via Seiberg-Witten (SW) map |J 

A = A{A), (47) 

where quantities without (with) hats are commutative (noncommutative) fields. It is 
consistent with gauge transformations to restrict to the Lie algebra of SU(N). The 
same idea can be used to define the noncommutative version of any classical group |22| . 

It is also possible to define NC SU(5) theory directly in terms of the noncommutative 
variable A without mentioning the commutative A. We can simply take the NC U(N) 
gauge field A and impose the following constraint 

Cp,(k)=TrFp,(A){k) = 0, (48) 

where F^A) is the inverse SW map. (An exact expression for the inverse SW map 
was given in |23|, |24|.) This implies that the U(l) part of A^ can be gauged away, and 
the result is equivalent to the approach of fl22f . 

It is interesting to note that another constraint with a much simpler expression 

C'^ik) = Tr j d 4 xF^(x) * ef^+^Ao) = (49) 

is also gauge invariant and has the same classical limit TyF^ = 0. At this moment we 
do not know if these two constraints are exactly the same. 

Recently, a similar idea was proposed independently in [25], where the constraint 



was imposed on A instead. Another constraint on gauge transformations U has to be 
imposed simultaneously for consistency . It would be of interest to know if all such 



constraints are equivalent under field redefinitions. 
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Another problem about NCGUT is that there are matter fields in the antisymmet- 
ric representation of £77(5). Althgouh it is straightforward to define matter fields in 
the fundamental and adjoint representations, in general it is hard to introduce other 



representations |£C| [L8| . 

This problem can also be solved by using the SW map. For any D dimensional 
representation of £77(5), we consider the SW map for NC U(D) gauge symmetry. For 
any classical gauge transformation U G U(D), the SW map provides a NC U(D) 
transformation U(U). Since ££7(5) can be embedded in U(D) according to its D 
dimensional representation, we can define NC £77(5) transformations for a fundamental 
representation of U(D) by 

k - UabiU)^ a, 6 =1,2, (50) 

where U is a classical SU(5) gauge transformation. Thus can be viewed as a D 
dimensional representation of NC ££7(5). 

For the 10 dimensional representation of ££7(5), one usually defines it as an an- 
tisymmetric tensor 0y = —<f)ji = 1,2, ••-,5) which transforms as <fi — > U(j)W. 
However, the tensor will not be antisymmetric after a generic NC gauge transforma- 
tion. In the above we avoided this problem by defining this representation directly as 
a 10 component colume without any constraint. 

Similarly, it is consistent with classical £77(5) gauge transformations to restrict 
the classical U(D) gauge potential to the su(5) Lie algebra embedded in u(D). 
Its image under the SW map can be viewed as the NC gauge potential in the D 
dimensional representation of NC ££7(5). The covariant derivative of a matter field in 
this representation is 

Dj=(dp + AW(A))$, (51) 

where A is the commutative SU (5) gauge potential. Obviously, this construction also 
works for other gauge groups. 

Finally, due to the UV-IR mixing, the UV divergences of NC quantum field theories 



result in new IR poles nonperturbative in 9 |26| , [2jJ . For a comprehensive discussion 
on this problem see |28|| . In order to give a reliable, consistent description of NC 
electromagnetic interactions, or any other low energy phenomena on NC space, it is 
necessary to properly address all these problems. We leave these issues for future study. 



10 



Acknowledgment 



The authors thank Chong-Sun Chu, Xiao-Gang He and Staphen Narison for helpful dis- 
cussions. This work is supported in part by the National Science Council, the Center for 
Theoretical Physics at National Taiwan University, the National Center for Theoretical 
Sciences, and the CosPA project of the Ministry of Education, Taiwan, R.O.C. 



References 

[1] A. Connes, M. R. Douglas and A. Schwarz, "Noncommutative geometry and matrix 
theory: Compactification on tori," JHEP9802, 003 (1998) ||hep-th/971fT6^ . 

[2] M. R. Douglas and C. M. Hull, "D-branes and the noncommutative torus," JHEP 



9802, 008 (1998) [[hep-th/9711165 



[3] C. Chu and P. Ho, "Noncommutative open string and D-brane," Nucl. Phys. B 
550, 151 (1999) ||hep-th/98122l9H . 



[4] C. Chu and P. Ho, "Constrained quantization of open string in background B field 
and noncommutative D-brane," Nucl. Phys. B 568, 447 (2000) ||hep-th/9906T9^ . 

[5] V. Schomerus, "D-branes and deformation quantization," JHEP9906, 030 (1999) 
||hep-th/ 99032051 . 



[6] N. Seiberg and E. Witten, "String theory and noncommutative geometry," 
JHEP9909, 032 (1999) ||hep-th/9908T42l . 

[7] I. Antoniadis, N. Arkani-Hamed, S Dimopoulos, G. Dvali, "New dimensions at a 
millimeter to a Fermi and superstrings at a TeV", ||hep-th/ 



H. S. Snyder, "Quantized space-time", Phys. Rev. 71 38 (1946). 

[9] C. N. Yang, "On quantized space-time", Phys. Rev. 72 874 (1947). 

[10] M. Chaichian, M. M. Sheikh- Jabbari and A. Tureanu, "Hydrogen atom spectrum 
and the Lamb shift in noncommutative QED," Phys. Rev. Lett. 86, 2716 (2001) 
|hep-th/0010175| . 



11 



[11] J. Gamboa, M. Loewe and J. C. Rojas, "Non- Commutative Quantum Mechanics," 
Phys. Rev. D 64, 067901 (2001) ||hep-th/0010220| ; V. R Nair and A. R Polychron- 
akos, "Quantum mechanics on the noncommutative plane and sphere," Phys. Lett. 
B 505, 267 (2001) ||hep-th/00llfT^ . 



[12] D. Kochan and M. Demetrian, "QM on non-commutative plane," ||hep- 



rli 0102050 



[13] B. Morariu and A. P. Polychronakos, "Quantum mechanics on the noncommu- 
tative torus," Nucl. Phys. B 610, 531 (2001) [|iep-th/0102157|| ; J. Gamboa, 
M. Loewe, F. Mendez and J. C. Rojas, "Noncommutative quantum mechanics: 
The two-dimensional central field," ||hep-th/0106125|| ; S. Bellucci, A. Nersessian 
and C. Sochichiu, "Two phases of the non-commutative quantum mechanics," 
|hep-th/0106138 |; H. R. Christiansen and F. A. Schaposnik, "Noncommutative 
quantum mechanics and rotating frames," |[hep-th/0106181|| ; C. Acatrinei, "Path 
Integral Formulation of Noncommutative Quantum Mechanics," JHEP 0109, 007 
(2001) ||hep-th/0 1070781 

[14] D. Bak, S. K. Kim, K. S. Soh and J. H. Yee, "Exact wavefunctions in a noncom- 
mutative field theory," Phys. Rev. Lett. 85, 3087 (2000) [Hiep-th/0005253|| ; D. Bak, 
S. K. Kim, K. S. Soh and J. H. Yee, "Noncommutative field theories and smooth 
commutative limits," Phys. Rev. D 63, 047701 (2001) |iep-th/0006087 |. 

[15] M. Li, "Dimensional reduction via noncommutative spacetime: bootstrap and 



holography", ||hep-th/0103T07 



[16] I. Bars, "Nonperturbative effects of extreme localization in noncommutative ge- 
ometry", ||hep-th/0109T3l . 

[17] M. M. Sheikh- Jabbari, "Discrete symmetries (C,P,T) in noncommutative field the- 
ories," Phys. Rev. Lett. 84, 5265 (2000) [ |hep-th/0001i67 . 



[18] M. Chaichian, P. Presnajder, M. M. Sheikh- Jabbari and A. Tureanu, "Noncom- 
mutative gauge field theories: A no-go theorem," |[hep-th/0107037 . 



12 



[19] M. Chaichian, P. Presnajder, M. M. Sheikh- Jabbari and A. Tureanu, "Noncom- 
mut at ive standard model: Model building," ||hep-th/0107055 |. 

[20] S. Terashima, "A note on superfields and noncommutative geometry," Phys. Lett. 
B 482, 276 (2000) ||arXiv:hep-th/0002119| . 

[21] A. Armoni, "Comments on perturbative dynamics of non- commutative Yang-Mills 
theory," Nucl. Phys. B 593, 229 (2001) ||arXiv:hep-th/0005208 . 



[22] B. Jurco, P. Schupp and J. Wess, "Nonabelian noncommutative gauge fields and 
Seiberg-Witten map," Mod. Phys. Lett. A 16, 343 (2001) [ |iep-th/0012225j . B. Ju- 
rco, L. Moller, S. Schraml, P. Schupp and J. Wess, "Construction of non-Abelian 
gauge theories on noncommutative spaces," [|hep-th/0104153 . 



[23] H. Liu, "*-Trek II: *n operations, open Wilson lines and the Seiberg-Witten map, 
Nucl. Phys. B 614, 305 (2001) ||hep-th/0011125[ . 



[24] Y. Okawa and H. Ooguri, "An exact solution to Seiberg-Witten equation of non- 
commutative gauge theory," Phys. Rev. D 64, 046009 (2001) ||hep-th/0104036| . 

[25] C. S. Chu and H. Dorn, "Noncommutative SU(N) and gauge invariant baryon 
operator," ||hep-th/01lJTT? [. 

[26] S. Minwalla, M. Van Raamsdonk and N. Seiberg, "Noncommutative perturbative 
dynamics," JHEP 0002, 020 (2000) ||hep-th/9912072T . 

[27] M. Van Raamsdonk and N. Seiberg, "Comments on noncommutative perturbative 
dynamics," JHEP 0003, 035 (2000) ||hep-th/000218^] . 

[28] M. R. Douglas and N. A. Nekrasov, "Noncommutative field theory," fhep- 
| th/0106048 . 



13 



